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Real non-symmetric matrices may have either all or some of the eigenvalues as real. These
matrices can be seen to be pseudo-symmetric (PS) as ηHη−1 = Ht. PS random matrices with some
of the eigenvalues as real, are known to display sub-Wigner and semi-Poisson statistics (Intermediate
statistics). Here, using two real non-zero parameters λ and µ, we construct ensembles of a large
number N of n×n (n even and large) PS matrices using N = n(n+1)/2 independent and identically
distributed random numbers as their elements. When λµ > 0, we show that the PS matrix is also
similar to a real symmetric matrix, consequently all the eigenvalues are real and so the spectral
distributions satisfy Wigner’s statistics. But when λµ < 0 the eigenvalues of are either real or
complex conjugate pairs. We find that these real eigenvalues display intermediate statistics. We
also show that the diagonalizing matrices D of these PS matrices are pseudo-orthogonal under a
constant metric ζ as DtζD = ζ. These PS matrices can represent the parity-time (PT)-symmetric
systems having exact (un-broken) or broken PT-symmetry.
I. INTRODUCTION
Eigenvalues of a Hamiltonian of a system can also
be seen as eigenvalues of a matrix which is obtained
in a complete orthonormal basis. In Random Matrix
Theory the invariance properties of the Hamiltonian are
seen in a class of matrices and the spectral properties
of the Hamiltonian are then predicted thereof. The
nearest level spacing distribution (NLSD) of ensemble
of a 2 × 2 real symmetric matrices is well known as
pW (s) =
pi
2 se
−pi4 s2 [1]; where matrix elements a, b, c are
independent and identically distributed (iid) as Gaussian
probability function. Wigner surmised that even when
n becomes large (n >> 2), p(s) remains the same even
irrespective of the probability distribution function of
matrix elements [2].
Real non-symmetric matrices Hn×n may have both
real and complex conjugate eigenvalues. It can be shown
that any real square matrix which is diagonalizable is
pseudo-symmetric η−1Hη = Ht [3] under the metric
η = (DDT )−1 or some other secular metric (constant
matrix). Here D is the diagonalizing matrix of H. As
per the theory of matrices a square matrix with distinct
eigenvalues is alway diagonalizable (det |D| 6= 0).
Further, PS matrices represent Hamiltonians which
are PT-symmetric under parity and time-reversal,
the metric representing the generalized parity. For
about two decades PT-symmetric systems [4] have been
explored extensively. PS matrices with some of the
eigenvalues as real can represent PT-symmetric systems
having broken PT-Symmetry [4], while PS matrices with
all the eigenvalues as real can represent the systems
with Exact (un-broken) PT-Symmetry [4]. In our recent
work [5], we have investigated the spectral statistics of
first kind of PS matrices with N [n(n + 1)/2 ≤ N ≤ n2]
iid random numbers as their elements, and found the
NLSDs as semi-Poisson and sub-Wigner distributions(
intermediate statistics), which has been encountered in
many physical systems experimentally and theoretically
[6]. The real PS random matrices of second kind (all
of the eigenvalues as real) have not been explored in
details. In [7], spectral properties of tridiagonal matrices
having very less N ∼ n iid as their elements have been
investigated. Next, an interesting numerical study of
ensembles of random matrices of the type M = AF
[8] having purely real eigenvalues, where A is real,
symmetric and complex, Hermitian is worth mentioning.
Here, we present the spectral statistics wherein a PS
random matrix containing two real parameters λ and µ
are in a hidden way similar and not similar to a real sym-
metric matrix. We construct several PS matrices using
N = n(n + 1)/2 iid random numbers as their elements.
When λµ > 0, we find the NLSDs (p(s)) after unfolding
the spectrum [9] are Wigner’s surmise as,
pW (s) =
pi
2
se−
pis2
4 (1)
and average density of eigenvalues as,
D() =
2
pi
√
1− 2. (2)
For λµ > 0, we find the spectral distributions as inter-
mediate statistics.
The paper is organized as follows: In sec. II, we construct
various PS matrices and we prove their (hidden) similar-
ity to real symmetric matrices (when λµ > 0) and hence
the reality of their eigenvalues. The constructed matri-
ces when λµ < 0 have eigenvalues as both real and com-
plex conjugate pairs. We also find the pseudo-orthogonal
property for the diagonalizing matrices of these PS ma-
trices. In sec. III, we discuss the spectral statistics for
the ensemble of constructed PS random matrices. In Sec.
IV, we derive the NLSD (p(s)) for the case of n = 2 of
PS matrices discussed in Sec. II. Finally, we conclude
our present work.
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2II. NEW REAL PSEUDO-SYMMETRIC
MATRICES
Let M be a real symmetric square matrix having
N = n(n+ 1)/2 iid matrix elements with zero mean and
variance of diagonal elements are double of the rest. Let
us define n×n (n even) Pauli like block matrices Σk using
identity matrices In/2×n/2 and null matrices On/2×n/2,
Σ1(λ) =
(
O λI
I O
)
, Σ2(λ) =
(
O −iλI
iI O
)
,
Σ3(λ) =
(
λI O
O −I
)
, (3)
where λ ∈ IR 6=0. Now let us construct Qk(λ) =
Σk(λ)MΣk(λ) (k=1, 2) and Rk(λ) = Σk(λ)MΣk(λ) (k =
1, 2, 3) with N = n(n + 1)/2 number of iid matrix ele-
ments. In more general way, the matrices Qk(λ, µ) =
Σk(λ)MΣk(µ) (k = 1, 2) and Rk(λ, µ) = Σk(λ)MΣk(µ)
(k = 1, 2, 3) can also be constructed. The matrices Qk
and Rk are PS under the constant metric η1 and η2 re-
spectively for all λ( 6= 1) and for λ = 1, these are real
symmetric matrices. Similarly, the generalized matrices
Qk and Rk are PS under the constant metric η3 and
η4 respectively for all λ, µ (λ = µ 6= 1). The constant
metrices ηn are given as,
η1 =
(
1
λI 0
0 λI
)
, η2 =
(
1
λ2 I 0
0 I
)
,
η3 =
(
1
λI 0
0 µI
)
, η4 =
( 1
λµI 0
0 I
)
. (4)
(i) PSEUDO-SYMMETRY: Pseudo-symmetry of
these non-symmetric matrices under constant metrices
can be seen as follow,
η1Qkη
−1
1 =η1ΣkMΣkη
−1
1 =Σ
t
kMΣ
t
k=Σ
t
kM
tΣtk=Q
t
k
η2Rkη
−1
2 =η2ΣkMΣ
−1
k η
−1
2 =(Σ
−1
k )
tMΣtk=(Σ
−1
k )
tM tΣtk=R
t
k
η3Qkη−13 =η3Σk(λ)MΣk(µ)η−13 =(Σk(µ))tM(Σk(λ))t=Qtk
η4Rkη−14 =η4Σk(λ)MΣ−1k (µ)η−14 =(Σ−1k (µ))tM tΣtk(λ)=Rtk
(ii) REAL SPECTRUM: Reality of complete spectrum
of these PS (non-symmetric) can be proved as follow,
(a): Qk=ΣkMΣk=Σ
−1
k (ΣkΣkM)Σk⇒ Qk and ΣkΣkM
are similar matrices. So eig(Qk)=eig(ΣkΣkM)=λ eig(M).
Hence Qk matrices will have all eigenvalues as real.
(b): Rk=ΣkMΣ
−1
k =Σk(M)Σ
−1
k ⇒ Rk and M are similar
matrices. So eig(Rk)=eig(M). Hence Rk matrices will
always have all eigenvalues as real.
(c): Qk(λ, µ)=Σk(λ)MΣk(µ)=Σ−1k (µ)[Σk(µ)Σk(λ)M ]Σk(µ),
so the matrices Qk are similar to Σk(µ)Σk(λ)M .
For λµ>0, we can write, Σk(µ)Σk(λ)M= sgn(µ)J
2
k (µ, λ)
M=sgn(µ)Jk(µ, λ)[Jk(µ, λ)MJk(µ, λ)]J
−1
k (µ, λ), where
J2k (µ, λ) = Σk(µ)Σk(λ). So the PS matrices Qk are
similar to the real symmetric matrices Jk(µ, λ)MJk(µ, λ)
for λµ > 0. Hence Qk(λ, µ) will have all real eigenvalues
for λµ > 0 and partially real for λµ < 0.
(d): Rk(λ, µ)=Σk(λ)M Σ−1k (µ)=Σk(λ)[MΣ−1k (µ)Σk(λ)]
Σ−1k (λ). For λµ>0, writing, MΣ
−1
k (µ)Σk(λ)=sgn(µ)M
K2k(µ, λ)=sgn(µ)K
−1
k (µ, λ)[Kk(µ, λ)MKk(µ, λ)]Kk(µ, λ)
where K2k(µ, λ)=Σ
−1
k (µ)Σk(λ). So finally, matrices Rk
are similar to the symmetric matrices Kk(µ, λ)MKk(µ, λ)
for λµ > 0. Hence Rk(λ, µ) will display both type of
scenarios: all and some of the eigenvalues as real for
λµ > 0 and λµ < 0 respectively.
(iii) PSEUDO-ORTHOGONALITY: A matrix A is
said to be pseudo-orthogonal (PO) under a metric ζ, if
AtζA = ζ. (5)
(a): Let A be G−1BG, where B is a orthogonal matrix
as BBt = I. Now from Eq.(5),
AtζA = GtBt(G−1)tζG−1BG (6)
Let (G−1)tζG−1 = I =⇒ ζ = GtG.
AtζA = GtBtBG = GtG = ζ (7)
Hence, the matrix A(= G−1BG) is PO under the metric
ζ = GtG as AtζA = ζ.
Now, let the diagonalizing matrix of M be D as DtMD =
E, since M is a real symmetric matrix (M = M t), so the
diagonalizing matrix D is orthogonal as DDt = I. We
can find the diagonalizing matrix of Qk as,
Qk = ΣkMΣk = Σ
−1
k (ΣkΣkM)Σk
ΣkQkΣ
−1
k = λM
D−1ΣkQkΣ−1k D = λE
(Σ−1k DΣk)
−1Qk(Σ−1k DΣk) = λΣ
−1
k EΣk = λE
′ (8)
The diagonal matrices E and E′ are same except the
arrangement of elements along the diagonal. Since
eig(Qk)=eig(λM), so the matrices Dk = Σ−1k DΣk are the
diagonalizing matrices for the PS matrices Qk. Hence,
the non-symmetric matrices Qk(6= Qtk) are PO under the
constant metrices ζk = ΣkΣ
t
k.
(b): Now, on reconsidering the Eq.(5) for A= GBG−1,
AtζA = (G−1)tBtGtζGBG−1 (9)
Let GtζG = I =⇒ ζ = (GGt)−1.
AtζA = (G−1)tBtBG−1 = (G−1)tG−1 = ζ (10)
Hence, the matrix A(= GBG−1) is PO under the metric
ζ = (GGt)−1 as AtζA = ζ.
We can find the diagonalizing matrix of PS matrices Rk
as,
Rk = ΣkMΣ
−1
k =⇒ D−1Σ−1k RkΣkD = E
(ΣkDΣ
−1
k )
−1Rk(ΣkDΣ−1k ) = ΣkEΣ
−1
k = E
′′ (11)
Again, the diagonal matrices E and E′′ are same except
the arrangement of elements along the diagonal. Since
3eig(Rk)=eig(M), so the matrices Dk = ΣkDΣ−1k are the
diagonalizing matrices for the PS matrices Rk. Hence,
the matrices Rk(6= Rtk) are PO under the constant met-
rices ζk = (ΣkΣ
t
k)
−1. Here the metrices ζk turn out to be
same as η2. Similarly, the diagonalizing matrices of non-
symmetric matrices Qk(λ, µ) and Rk(λ, µ) can be found
as Σ(λ)−1k DΣ(µ)k and Σ(λ)kDΣ(µ)
−1
k respectively, these
in turn are PO under constant metrices Σk(λ)Σk(µ)
t and
(Σk(λ)Σk(µ)
t)−1 respectively.
III. SPECTRAL DISTRIBUTIONS OF N ×N
REAL PSEUDO-SYMMETRIC RANDOM
MATRICES
The non-symmetric matrices Qk(λ) and Rk(λ) con-
structed in sec. II are PS matrices under generalized η
having all the eigenvalues as real, which can represent
the systems having Exact PT-Symmetry [4,10]. Here, we
propose to investigate the ensembles of random matri-
ces arising from PS matrices Qk and Rk discussed above
for their spectral distributions p(s) and D(). We do so
by considering 1000 sampling of matrices of dimension
200×200 where the matrix elements are N = n(n+ 1)/2
iid random numbers under Gaussian probability distri-
bution. we find the NLSDs (p(s)) for the ensemble of
these PS random matrices numerically after unfolding
the spectrum[9]. p(s) of unfolded energy levels turns out
to be Wigner’s surmise (1). In Fig. (1), we have plotted
the numerically obtained NLSD histogram of unfolded
energy levels against Wigner’s distribution (1) for the
ensemble of PS matrices Q1(λ) for λ = 0.9, the excel-
lence of numerical result with the Wigner’s surmise can
be seen in Fig (1). In Fig.(2), we have plotted the av-
erage density of eigenvalues D() for the ensemble of PS
matrices Q1(0.9) along with the semi-circle law (2), the
numerically computed histogram matches the semi-circle
distribution excellently. Though the average density of
eigenvalues D() deviates from semicircle law (2) under
the change of parameter λ, but NLSD after unfolding the
spectrum remains invariant as Wigner’s surmise under
the change of parameter λ. The similar kind of deviation
in D() from semi-circle law (2) has also been observed
in Ref.[8]. Similar results have also been observed for the
ensembles of other pseudo-symmetric random matrices
Q2(λ) and Rk(k = 1, 2, 3). Ensembles of real PS matri-
ces with all real eigenvalues having N = n iid number of
matrix elements display the Poisson NLSD [11]. Here, we
have considered the pS matrices with all real eigenvalues
having N = n(n+ 1)/2, which is very large compared to
N = n. Hence the number N of iid matrix elements is
very crucial in observing the Wigner’s statistics.
In past years, several interesting PT-Symmetric systems
have been studied, which show the transition from Exact
to broken PT-symmetry under the change of parame-
ters in system [10]. Since another variant of PS matri-
ces Qk(λ) and Rk(λ): Qk(λ, µ) and Rk(λ, µ) also display
both types of behavior under the change of parameters in
matrices, hence can represent such systems[10]. As dis-
cussed in sec. II, for λµ > 0 the eigenvalues of these ma-
trices are all real, hence their statistics are again Wigner’s
statistics as found for matrices Qk and Rk. For λµ < 0,
spectrum of these matrices are partial real, hence we find
the similar type of intermediate statistics as found in [6].
We have also checked the insensitiveness of these results
towards the change of other probability distribution func-
tions(PDFs) of elements [2].
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FIG. 1: NLSD Histogram for the ensemble of 1000, 200 ×
200 real PS matrices Q1(0.9) under the Gaussion PDF
of elements, plotted against the Wigner’s surmise p(s) =
pi/2 s e−pis
2/4, which matches excellently with the later one.
This is the universality for the cases of other ensembles Q2(λ),
Rk(λ),Qk(λ, µ;λµ > 0) and Rk(λ, µ;λµ > 0). These results
are insensitive to parameters λ, µ and other PDFs.
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FIG. 2: Histograms for the average density of eigenvalues
D() for the ensemble of 1000 PS matrices Q1(0.9) of order
200× 200 under the Gaussian PDF, plotted against the semi-
circle law (2).
4IV. p(s) FOR 2× 2 REAL PSEUDO-SYMMETRIC
RANDOM MATRIX:
Let us take a n = 2 case of the non-symmetric ma-
trix Q1(λ) = Σ1(λ)MΣ1(λ) made up of three (N =
2(2+1)/2 = 3) iid elements a11, a12, a22, which is pseudo-
symmetric under the constant metric η1,
Q1(λ) =
(
λa22 λ
2a12
a12 λa11
)
, η1 =
(
1/λ 0
0 λ
)
, (12)
as η1Q1η
−1
1 =Q
t
1. Its eigenvalues E1,2=λ(a11+a22 ∓√
4a212 + (a11 − a22)2)/2 are unconditionally real. The
spacing between them is S = λ
√
4a212 + (a11 − a22)2. As
discussed in sec. II, the diagonalising matrix D1 for Q1 is
given as Σt1DΣ1, which is PO under the constant metric
ζ1(= Σ
t
1Σ1) as Dt1ζ1D1 = ζ1. The orthogonal matrix D
and constant metric ζ1 are given as,
D =
(
cos θ sin θ
− sin θ cos θ
)
, ζ =
(
1 0
0 λ2
)
(13)
where θ=[tan−1(2a12/(a22−a11))]/2=⇒θ ∈ (−pi/4, pi/4).
Since Q1=D1(λE′)D−11 (8), so we can write a11 = (E1 +
E2)−(E1−E2) cos(2θ)/(2λ), a12=(E1−E2) sin(2θ)/(2λ),
and a22 = (E1 +E2) + (E1−E2) cos(2θ)/(2λ). The PDF
of matrix elements is
P (Q1) = A exp[− tr(Q1Qt1)/(2σ2)] (14)
Here σ = 1. Using Eq.(14) and integrating it over θ, we
derive the j.p.d.f. of eigenvalues as,
P (E1, E2)=A′(E1−E2)I0
(
(κ− 2)(E1 − E2)2
16
)
e−
(κ+2)(E1−E2)2
16 −
(E1+E2)
2
4 (15)
where κ=λ2+λ4. Defining E1−E2 = S and E1+E2 = T ,
integrating w.r.t. T from -∞ to ∞, we get the spacing
distribution P (S). Further, defining s = S/S¯ and us-
ing the normalization as S¯ = 1, we find the normalized
spacing distribution p(s) as
p(s, λ)=
√
2κ
pi
γ2s exp[
(κ+ 2)s2γ2
4pi
]I0
(
− (κ− 2)s
2γ2
4pi
)
(16)
where, γ= EllipticE((κ− 2)/κ). As mentioned in sec. II,
for λ = 1, matrix Q1(λ) becomes a symmetric matrix,
hence we recover the expected Eq.(1) from Eq(16) [1].
In figure(3). Eq.(16) (dotted) for λ = 0.9 has been plot-
ted against numerically computed histograms along with
Wigner’s surmise(solid line) (1). p(s) for 2×2 case of ma-
trix Q1 depends upon the parameter λ in sharp contrast
to its n × n results discussed in sec. III. It is clear that
in large n (n → ∞) limit, system specific effects vanish
in NLSD p(s). Similar results have also been observed
for n = 2 case of other matrices in sec. II. Several other
works on 2×2 Pseudo-Hermitian matrices are also worth
mentioning here [12].
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FIG. 3: Spacing distribution p(s) for the PS matrix Q1(λ)
(12) with Gaussion PDF of elements. Eq.(16)(dotted) for
λ = 0.9 is plotted against numerically computed historams.
Solid line represents Wigner’s surmise (1).
VI. CONCLUSIONS
In this paper the pseudo-symmetric matrices
Qk(λ), Rk(λ),Qk(λ, µ;λµ≥0) and Rk(λ, µ;λµ≥0)
discussed in sec. II are new and most interestingly
similar to real symmetric matrices in a hidden way and
hence their eigenvalues are purely real giving rise to
Wigner’s surmise yet again. We claim that similarity
of a pseudo-symmetric matrix to a real matrix is new
and thought provoking. These matrices may be found
interesting in general matrix theory as a new type. Here,
these as random matrices with N = n(n+1)/2 number of
iids have thrown an interesting surprise wherein both the
spectral distributions of nearest level spacings and eigen-
values follow Wigner’s surmise. This indeed provides a
paradigm shift in random matrix theory that Wigner’s
surmise is the outcome of matrices whose all eigenvalues
are real. These eigenvalues can even unconventionally
come from non-symmetric (pseudo-symmetric) matrices
as against the conventional real symmetric ones. It
is reassuring to find that pseudo-symmetric random
matrices with all eigenvalues not real (when λµ < 0)
display the intermediate statistics. More importantly, we
have proved that the diagonalizing matrices D of these
pseudo-symmetric matrices are pseudo-orthogonal under
a constant metric ζ as DtζD = ζ, more investigations in
this direction are welcome.
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